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Abstract 
The shape of the cross section of a self formed channel is one of the most important issues in river engineering and 
irrigation canal design. Several methods have been proposed for the shape of stable channel. The analytical approach 
to river regime of White et al. (1982) has been analyzed and modified in order to obtain a stable cross section 
geometry more similar to that observed in field and laboratory tests. To this aim, the original trapezoidal cross section 
has been changed, employing the analytical geometry for stable channel proposed by Huang et al. (2005). The 
modified White et al. approach shows good agreement with recent laboratory tests on stable non-cohesive straight 
channels.  
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1. Introduction 
The shape and dimensions of the cross section of a self formed channel are the result of the complex 
interaction between flowing water and mobile particles that compose the bed and banks. Despite 
numerous contributions, the prediction of the stable channel configuration is still an active field of 
research, where as yet no clear agreement about the methods has been achieved. 
Firstly, simple empirical methods were developed using data from field and laboratory observations, 
obtaining regime equations [1-3] that have been used for a long time. The typical shortcomings of the 
empirical methods, however, have induced many researchers to investigate the processes involved and 
formulate new approaches. 
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A more rational approach, known as the tractive force method was developed on the assumption that in 
a stable configuration all the particles on the bed and banks of the channel are on the verge of incipient 
motion [4]. Nevertheless, experiments on straight stable channel with coarse non-cohesive sediments, 
have shown that the concept of static equilibrium is not realistic. Instead it is possible that there is a 
dynamic equilibrium, for which the sediments are actively transported in the central bed region but the 
bed load vanishes in the bank regions. 
Later, more physically based approaches were proposed by several authors in an attempt to describe 
the regime conditions using the basic equations for water and sediment transport. These are frequently 
referred to as analytical regime theories. 
In particular, the extremal hypothesis combined the friction factor equation and sediment transport 
equation with an extra equation, based on the maximization or minimization of a certain parameter [5]. 
Even if the predictions based on this approach are generally in agreement with a large range of 
observations, the theoretical justifications for such hypotheses are still not clear and suggests the need for 
further investigation. 
In this paper, the work of White et al. [6] is extended by including a more realistic representation of 
the cross-section geometry. A modified version of the method is proposed by adopting a new cross 
section geometry and comparing predicted values with experimental results of Valentine et al. [7]. 
2. Formulation of the proposed method 
In the approach of White et al. [6], in the following cited as the WBP method, the determination of the 
stable cross section was achieved analytically by employing the flow and sediment transport equations, 
and assuming the minimization of the slope. The calculations were performed considering a rectangular 
shape, then adjusted to a trapezoidal one of the same cross-sectional area. 
Several experimental observations have demonstrated, however, that the trapezoidal configuration is 
not stable and always evolves toward a smoother shape. Moreover Valentine et al. [7], obtained 
laboratory cross sections that were clearly wider and shallower than those predicted by the WBP method, 
even if characterized by the same hydraulic area. For this reason, in this work the cross section geometry 
of the WBP method has been modified, employing a new shape which matches more closely those 
observed in laboratory test. 
Recently a number of different theories have been proposed for the shape of the bank zone: a cosine 
curve profile was obtained by Parker, and Ikeda et al.; an exponential function was obtained from the 
regression on the experimental data of Ikeda and of Diplas; a fifth-degree polynomial came from the 
numerical approach of Diplas & Vigilar, a parabolic profile has been often proposed by Cao & Knight., 
and a circle curve profile was derived by Huang et al. [8]. 
Huang et al.[8] obtained a cross section profile on the basis of the principle of minimum stream power. 
This geometry has been chosen to modify the WPB method and is described by the following equations: 
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where L = bank zone width; b = central bed width; W = total surface width; dc = central channel depth; 
 = flow area; P = wet perimeter; = repose angle = tang   coefficient of static friction. 
The regime cross section corresponding to a set of given values of water discharge Q, sediment 
concentration X and sediment size D, is obtained by combining the above expressions for the geometry 
(eqs. 1~3) and the following flow resistance (White et al.[9]) and sediment transport formulas (Ackers & 
White[10]) : 
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where U* = shear velocity; U = velocity;  g = gravity acceleration; Sg = specific gravity; 
kinematic viscosity of the fluid A, c, n, m = parameters of Ackers & White formula[10]; Dgr = 
dimensionless grain size; Fgr = particle mobility; Fgr = particle mobility; Ffg = particle mobility of fine 
grains. 
2.1. Analysis of the proposed method 
Results of several numerical runs using the new geometry confirm the existence of a minimum of the 
slope as the width varies, for a given sediment concentration. A comparison between the regime width 
obtained by the WPB geometry and using the Huang et al. geometry (in the following cited as HCA 
geometry) has been carried out for different sets of Q, X, D. 
As shown in Figure 2, the HCA cross sections are consistently wider than those predicted by the WBP 
method, while depth values (Fig. 3) do not seem to change significantly. 
A further investigation of the variability of the hydraulic parameters in the vicinity of the stable 
configuration has been carried out to explore the presence of extremal values other than the minimum one.  
Almost all of the early sediment transport equations have used the total shear stress ~: as the measure of 
flow intensity. Einstein (1950), Meyer-Peter and Muller (1948) believed that only sand grain shear stress 
Figure 1. Geometry employed, after  (Cao & Knight 1998) 
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has effect on sediment transport.  
A range of width-surface variation within 60 % of the regime value has been considered. Figures 4 and 
5 show, for a set of given data (Q = 200 m3/s, X = 100 ppm., D = 0.4 mm), the hydraulic variables (made 
dimensionless with the corresponding regime values). It can be observed that, except for the slope, no 
other variable presents an extreme value: all the functions are monotonic with respect to width variation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2.2. Comparison  with laboratory data 
The modified WBP approach has been tested using experimental data of Valentine et al.[7] collected 
from large, laboratory-scale investigations. The Authors observed that with the original WBP approach 
the predicted cross sections were too narrow and deep compared with the laboratory results. 
The modified WBP method provides predictions that are close to the observed values then the original 
WPB method: the predicted cross-sections have become wider and shallower and are thus in closer 
agreement with the experimental data. The results are satisfactory, even if for Test 1 the geometry still 
remains slightly deep and narrow, and the bank zone is too large compared with surface width (L / W = 
49% instead of 15%). 
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Figure 2. Comparison of regime surface width obtained with 
WBP and HCA geometries for different set of  Q, X  ( = 
29°, D=0.4 mm). 
Figure 3. Comparison of regime depth obtained with 
WBP and HCA geometries, for different set of Q, X 
(= 0.58, D=0.4 mm). 
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Figure 4. Dimensionless variables for a set of cross sections 
(Q = 200 m3/s, X = 100 p.p.m., D = 0.4 mm,  = 29°). 
 
Figure 5. Dimensionless Slope and Chezy coefficient for a 
set of cross sections (Q = 200 m3/s, X = 100 p.p.m., D = 0.4 
mm,  = 29°). 
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3. Conclusion 
In this work a review of the validity of the extremal hypothesis methods is carried out by analyzing the 
analytical approach to river regime of White et al.. 
In the original approach, calculations were presented assuming a trapezoidal channel shape, but 
experimental observations have demonstrated that the trapezoidal configuration is not stable. For this 
reason, the cross section geometry of the WBP method has been modified, employing a new shape that is 
closer to ones observed in laboratory tests. The Huang et al. geometry has been chosen to modify the 
WPB method. 
The modified WBP approach shows consistency with the original work, confirming the existence of a 
minimum of the slope. Cross sections are wider than those predicted by the WBP method while the depth 
values are similar. An investigation of the cross section in the vicinity of the regime configuration shows 
that except for the slope, no other variable presents an extreme value and in the case of no sediment 
transport the minimum value of slope is not possible. 
The modified WBP approach has also been tested using large-scale experimental data of Valentine et 
al. The original WBP approach showed agreement with empirical formula, but predicted cross sections 
that were too narrow and deep when compared to laboratory results. With the modified WBP method, 
comparisons with laboratory prediction have been improved: cross-sections have become wider and 
shallower, even if the geometry still remains slightly deep and narrow, and bank zone is too large 
compared to the surface width. 
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